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Abstract
We study supergravity solutions of Dp-branes in the time-dependent orb-
ifold background. We show that worldvolume theories decouple from the bulk
gravity for p less than six. Along AdS/CFT correspondence, these solutions
could provide the gravity description of noncommutative field theory with
time-dependent noncommutative parameter. Type II NS5-brane (M5-brane)
in the presence of RR n-form for n = 0, · · · , 4 (C field) in this time-dependent
background have also been studied.
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1 Introduction
Recently string theory in time-dependent backgrounds has attracted much inter-
est (recent papers on this subject include [1]-[29]). This is because in order to
apply the string theory in cosmology we would need to know the string theory
in time-dependent backgrounds. As an example one can consider orbifold quo-
tients of Minkowski space-time which non-trivially act on both space and time
[1, 3, 4, 5, 7, 8, 14, 16, 22, 23, 28, 29]. We note, however, that in general orb-
ifolds of space-time leads to singularities corresponding to the closed light-like loops.
Nevertheless one can resolve these singularities by making use of the null-brane back-
grounds [3, 22, 23, 29] which is obtained form the space-time orbifold together with
an extra shift. In the next section we review this geometry.
This null-brane background preserves one-half of the original flat space super-
symmetry. It has also a null Killing vector which makes it possible to use light-cone
quantization. The stability of this geometry has also been studied in [21, 23, 24].
Open string sector in this background has recently been considered [28, 29]. This,
for example, can be done by using D-branes for probing the geometry. D3-brane
probing this background has been studied in [28] where the authors argued that the
D3-brane worldvolume decouples from the bulk gravity leading to a noncommutative
gauge theory with time-dependent noncommutativity parameter. This is the aim
of this article to generalize this consideration for other D-branes as well as NS5-
brane. In the NS5-brane case the situation reminisces the ODp-theory, namely we
will find NS5-brane solution in the presence of RR n-form for n = 0, · · · , 4 in the
time-dependent background. We shall also consider M5-brane in an 11-dimensional
time-dependent background which can be obtained in the same way as the one in
string theory. Namely we could start from an 11-dimensional null-brane geometry
of M-theory. The theory on the corresponding M5-brane can be thought as a new
deformation of (0,2) theory. This system is very similar to OM-theory [30].
The organization of the paper is as follows. In section 2 we will review the
null-brane background and then we shall probe this background by Dp-brane for
2 < p ≤ 6. We will argue that the worldvolume theory decouples from gravity
for p ≤ 5 and therefore this background would provide a gravity description for
noncommutative field theory with time-dependent noncommutativity parameter.
In section 3 we will consider the near horizon limit of the background obtained
in section 2. We shall briefly study the phase structure of the theory as well. In
section 4 type II NS5-branes in the null-brane geometry are considered which lead
to new deformation of the little string theory. In section 5 M5-brane probing 11-
dimensional null-brane geometry is studied. Section 6 is devoted to the comments
and conclusions.
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2 Supergravity solution
In this section we shall briefly review the structure of null-brane geometry. Then in
order to study the properties of this background in string theory we will probe the
geometry by D-branes. This background could change the worldvolume theory of
the brane leading, probably, to a new field theory.
We start with a 10-dimensional flat spacetime R1,9 with metric
ds2 = −2dx+dx− + dx2 + dz2 + d~Y 26 , (1)
where d~Y 26 is the flat 6-dimensional space. Now consider the orbifold obtained by
identifying [14, 22]


x+
x
x−
z

 ∼


x+
x+ 2πnx+
x− + 2πnx+ 2(πn)2x+
z + 2πnβ

 , n ∈ Z , (2)
while leaves d~Y 26 unchanged and β is a constant. The above orbifold background is
called the null-brane [3].
It is useful to introduce a new set of coordinates as following
x+ = y+, x = y+y, x− = y− +
1
2
y+y2 , (3)
and other coordinates remain the same as before. In this coordinates the orbifold
metric reads
ds2 = −2dy+dy− + (y+)2dy2 + dz2 + d~Y 26 , (4)
and the orbifold identification becomes

y+
y
y−
z

 ∼


y+
y + 2πn
y−
z + 2πnβ

 . (5)
Now we want to probe this background with a system of N Dp-branes for
p > 2 with worldvolume directions (y+, y−, y, z, x1 · · ·xp−3) where xi’s are (p − 3)-
dimensional subspace of ~Y6. The procedure is very similar to that in [31] (see also
[32]) to construct the supergravity dual of the noncommutative dipole theory. To
do this we start with the flat Dp-brane in the y coordinates
ds2 = f−1/2
(
− 2dy+dy− + (y+)2dy2 + dz2 +
p−3∑
i=1
dx2i
)
+ f 1/2(dr2 + r2dΩ28−p) ,
e2φ = f (3−p)/2, dC+−yz1···(p−3) ∼ ∂rf−1, f = 1 +
R7−p
r7−p
, (6)
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where R7−p = cpgsNl
7−p
s with cp = 2
5−pπ
5−p
2 Γ(7−p
2
). Here z is compactified on a
circle of radius β. T-dualizing along z coordinate leads to the D(p-1)-brane smeared
over one direction
ds2 = f−1/2
(
− 2dy+dy− + (y+)2dy2 +
p−3∑
i=1
dx2i
)
+ f 1/2(dz2 + dr2 + r2dΩ28−p) ,
e2φ = f (4−p)/2, dC+−y1···(p−3) ∼ ∂rf−1, f = 1 +
R7−p
r7−p
. (7)
We now twist y coordinate so that under identification of z one gets
z ∼ z + 2πβ, y ∼ y + 2π . (8)
One can define a new coordinate in which y → y − z
β
such that the identification
becomes trivial
z ∼ z + 2πβ, y ∼ y . (9)
In this new coordinates the T-dualized metric (7) reads
ds2 = f−1/2
(
− 2dy+dy− +
p−3∑
i=1
dx2i
)
+ f 1/2(dr2 + r2dΩ28−p)
+ f−1/2(y+)2dy2 + f 1/2(1 +
(y+)2
β2f
)dz2 + 2f−1/2
(y+)2
β
dydz , (10)
T-dualizing back along z direction and using the T-duality rules [33] we will find a
supergravity solution of Dp-brane probing the orbifold background (4) as following3
ds2 = f−1/2
(
− 2dy+dy− + h((y+)2dy2 + dz2) +
p−3∑
i=1
dx2i
)
+ f 1/2(dr2 + r2dΩ28−p) ,
e2φ = hf (3−p)/2, h−1 = 1 +
(y+)2
β2f
, f = 1 +
R7−p
r7−p
,
Byz =
(y+)2
β
hf−1 , dC+−yz1···(p−3) ∼ ∂rf−1, (11)
In general given a supergravity solution of a system of branes, it is not clear
whether the solution would give a well-defined description of some field theory. In
fact, we must check and see whether there is a well-defined field theory on the
brane worldvolume which decouples from the bulk gravity. To see this, one might
calculate scattering amplitude for gravitons [36, 37] which can be done by computing
the gravitons absorption cross section. If there is a limit (decoupling limit) where the
3The supersymmetry of branes in the null-brane geometry in string theory and M-theory was
also studied in [34, 35]. In fact the solution we have found here is dual to one of the possible
reductions of the delocalised M2-brane discussed in section 3.2 of paper [34]. This solution is the
special case of the reduction labelled (A) in that section where the θi = 0. We would like to thank
J. Figueroa-O’Farrill for bringing our attention to this point.
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gravitons absorption cross section vanishes, we have a field theory which decouples
from the gravity. Using the same method as in [38] one can see that the background
(11) give a well-defined theory in a decoupling limit for p < 6.
More precisely, let us perturb the metric of the background (11) by
gµν = g¯µν + hµν µ, ν = 0, · · · , 9, (12)
where by g¯µν we denote the background metric (11) and hµν is the perturbation.
We consider s-wave gravitons as following
hµν = ǫµνΨ(r, y
+, y−), µ = 0, · · · , p . (13)
Using the linearized equations of motion of type II supergravity we find following
equation for transverse gravitons
∂µ
(√−ge−2φgµν∂νΨ) = 0, (14)
which leads to
∂r(r
(8−p)∂rΨ)− 2fr8−p∂+∂−Ψ−
r8−p
y+
f∂
−
Ψ = 0 . (15)
As an ansatz we take Ψ(r, y+, y−) = h(r)Y (y+, y−). Thus we find two differential
equations
∂2rh+
8− p
r
∂rh+ ω
2fh = 0, 2∂+∂−Y +
1
y+
∂
−
Y − ω2Y = 0, (16)
The differential equation for Y can be easily solved
Y =
1√
y+
e
iω√
2
(y++y−)
. (17)
This time-dependence form of the solution reflects the fact that at large r the space
is not flat. From the radial equation one can read the potential by writing it in the
form of a Schro¨dinger-like equation. Doing so we get the following Schro¨dinger-like
equation
∂2ρϕ(ρ) + Vp(ρ)ϕ(ρ) = 0 , (18)
where
Vp(ρ) = −
(
1 +
cpNgs(ωls)
7−p
ρ7−p
)
+
(8− p)(6− p)
4ρ2
(19)
with ρ = ωr.
This potential is the same as the one found in [38] for the ordinary D-branes
as well as branes in the presence of B field. Therefore we conclude that we have a
decoupled theory living on the worldvolume of Dp-brane for p ≤ 5.
4
3 Decoupling limit
In this section we study the near horizon limit of the supergravity solution (11).
Having a decoupling limit, this could provide a gravity description of the theory
along the AdS/CFT correspondence [39].
The decoupling limit of the background (11) is defined as a limit in which ls → 0
while keeping the following quantities fixed [28]
u =
r
l2s
, b =
β
l2s
, g˜ = gsl
p−3
s . (20)
In this limit the supergravity solution (11) reads
l−2s ds
2 =
u(7−p)/2√
g2YMN
(
− 2dy+dy− + h((y+)2dy2 + dz2) +
p−3∑
i=1
dx2i
)
+
√
g2YMN
u(7−p)/2
(du2 + u2dΩ28−p) ,
e2φ = g˜2
(
g2YMN
u7−p
) 3−p
2
h, Byz =
l2s
b
(y+)2u7−p
g2YMN
h , (21)
where h−1 = 1 + (y
+)2u7−p
g2
YM
b2N
and g2YM = cpg˜.
Following [28] string theory on these backgrounds provides the gravity description
of noncommutative gauge theories with nonconstant noncommutativity parameter
in various dimensions.
The effective dimensionless coupling constant in the corresponding noncommu-
tative field theory can be defined as following [40]
g2eff ∼ g2YMNup−3 . (22)
The scalar curvature of the metric in eq. (21) has the behavior
l2sR ∼
1
geff
. (23)
Thus the perturbative calculation in noncommutative field theory can be trusted
when geff ≪ 1, while when geff ≫ 1 the supergravity description is valid. We note
also that the expression for dilaton in (21) can be recast to
eφ =
1
N
g
(7−p)/4
eff h
1/2 . (24)
Keeping geff and h fixed we see from (24) that e
φ ∼ 1/N . Therefore the string loop
expansion corresponds to 1/N expansion of noncommutative gauge theory.
Since the scalar curvature is time-independent, as far as the effective gauge cou-
pling is concerned, the situation is the same as ordinary brane solution. But since
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the dilaton is time-dependent this will change the phase structure of the theory. In
particular at given fixed energy the effective string coupling will change with time.
There is a critical time y+c = gYMb
√
N/u(7−p)/2 where for y+ > y+c the noncommu-
tative effects become important and the effective string coupling becomes
e2φ ∼ b(g
2
YMN)
(9−p)/2
N
u(p−5)(7−p)/2
(y+)2
. (25)
Therefore the effective string coupling decreases in time, and thus under time evo-
lution the gravity description becomes more applicable.
On the other hand at any given time the phase structure of the theory is the
same as that in noncommutative field theory with constant noncommutativity pa-
rameter, namely those studied in [41] (see also [42]). The only difference is that the
distinguished points where the description of the theory has to be changed is now
time-dependent.
In the notation of [41] the dimensionless effective noncommutative parameter is
given by
aeff =
(
y+u2
bgeff
) 2
7−p
. (26)
At large distances L ≫
√
y+/bgeff the noncommutative effects are small and the
effective description of the worldvolume theory is in terms of a commutative field
theory. Note that this distance is time-dependent which means that under time
evolution of the theory the distance where the noncommutative effects are negligible
becomes very large.
Form the expression of the dimensionless effective noncommutative parameter
(26) one can read the noncommutative parameter seen by the gauge theory. In fact
we get
[y, z] ∼ y
+
b
, (27)
which is in agreement with the field theory consideration [28].
4 NS5-brane in the presence of RR field
The worldvolume theory of NS5-branes in the presence of electric RR field decouples
from bulk gravity leading to an interacting theory with light open Dp-brane. These
theories are known as open Dp-brane theory or in short ODp-theory [43, 44]. The
supergravity description of these theories have been studied in [45, 46, 47, 48].
In this section we shall study time-dependent background of type II NS5-brane
in the presence of RR field. To do this, we start from D5-brane solution presented
in the previous section. By making use of S-duality one can find the type IIB NS
6
5-brane in the presence of RR 2-form 4. Then a series of T-dualities will generate
other possible RR fields. In fact by this procedure one gets
ds2 = h−1/2
[
− 2dy+dy− + h((y+)2dy2 +
n∑
i=1
dx2i ) +
3∑
j=n+1
dx2j + f(dr
2 + r2dΩ23)
]
,
e2φ = fh(n−3)/2, C
(n+1)
y1···n =
1
gs
(y+)2
β
hf−1, f = 1 +
Nl2s
r2
, (28)
which is type II NS5-brane in the presence of RR (n+ 1)-form for n = 0, 1, 2, 3.
We note, however, that in the D5-brane solution (11) the metric is not symmetric
under exchanging of y ↔ z.5 Therefore we have another choice of doing the series of
T-dualities in which we have also make a T-duality along y direction. Doing so we
get another solution of type II NS5-brane in the presence of different possible RR
fields as following
ds2 = h−1/2
[
− 2dy+dy− + dy
2
(y+)2
+ h
n∑
i=1
dx2i +
3∑
j=n+1
dx2j + f(dr
2 + r2dΩ23)
]
,
e2φ = fh(n−4)/2, C
(n)
1···n =
1
gs
(y+)2
β
hf−1, f = 1 +
Nl2s
r2
, (29)
which is the type II NS5-brane in the presence of RR n-form for n = 0, 1, 2, 3.
Having a supergravity solution one could proceed to consider the decoupling
limit of the theory. The decoupling limit of the NS5-brane can be obtained from
D5-brane using S-duality in which l2s → gsl2s and gs → g−1s . Thus the decoupling
limit is given by a limit in which gs → 0 while keeping the following quantities fixed6
u =
r
gsl2s
, b =
β
gsl2s
, ls = fixed , (30)
which is very similar to the decoupling limit of the little string theory [49] (see also
[50]). In this limit the supergravity solutions (28) and (29) read
ds2 = h−1/2
[
− 2dy+dy− + h((y+)2dy2 +
n∑
i=1
dx2i ) +
3∑
j=n+1
dx2j
+
Nl2s
u2
(du2 + u2dΩ23)
]
,
e2φ =
Nl2s
u2
h(n−3)/2, C
(n+1)
y1···n =
l2s
b
(y+)2u2
N
h , (31)
4Under S-duality we have φ → −φ and ds2 → e−φds2 where ds2 is the metric in string frame.
Moreover NS B field gets change to the RR 2-form.
5Note that this is not the case for the noncummutative field theory with constant noncommu-
tativity parameter.
6To make u of dimension of energy, we have also added ls in the definition of u, similarly for b.
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for (28), and
ds2 = h−1/2
[
− 2dy+dy− + dy
2
(y+)2
+ h
n∑
i=1
dx2i +
3∑
j=n+1
dx2j +
Nl2s
u2
(du2 + u2dΩ23)
]
,
e2φ =
Nl2s
u2
h(n−4)/2, C
(n)
1···n =
l2s
b
(y+)2u2
N
h , (32)
for (29). Here h−1 = 1 + (y+)2u2/Nb2.
The curvature of the above supergravity solutions reads
l2sR ∼
1
(1 + (y
+)2u2
b2N
)1/2
(33)
therefore for large u the curvature is small and the supergravity solution provides a
good description of the theory.
The same as previous section one can consider scalar field scattering of the NS5-
brane. The corresponding wave equation for an ansatz of the form Ψ(r, y+, y−) =
ϕ(r)√
y+
e
iω√
2
(y++Y −)
leads to the following Schro¨dinger-like equation
∂2ρϕ(ρ) + Vp(ρ)ϕ(ρ) = 0 , (34)
where
Vp(ρ) = −1 + (
3
4
− 1)Nω
2l2s
ρ2
, (35)
with ρ = ωr. Following [51] we conclude that the theory has a mass gap of order
mgap ∼ 1/
√
Nl2s . This is exactly the same mass gap as the one in the little string
theory, namely the presence of RR field has not changed the mass gap. Note that
in the ODp-theory the mass gap will change because of the presence of RR field. In
fact in this case the mass gap is given by noncommutative effective parameter which
is given by the value of electric RR field [46]. In this sense these theories are closer
to the little string theory than ODp-theory.
5 M-theory 5-brane
The supergravity solution of M5-brane in the presence of nonzero C 3-form along
the worldvolume of the brane has been considered in [41]. This worldvolume theory
in the decoupling limit is a well-defined quantum theory with light open membrane,
known as OM-theory [30]. M5-brane solution in the presence of C field with two
legs along the worldvolume directions has also been studied in [32] in the context of
noncommutative “discpole” theory [52].
In this section we would like to study the M5-brane probing an 11-dimensional
time-dependent orbifold background similar to (4). To find the supergravity solu-
tion, one can start from D4-brane solution and then lift it up to the 11-dimensional
8
supergravity. By making use of the relation between 11-dimensional supergravity
solution and its corresponding 10-dimensional dimensional solution
ds211 = e
4φ
3 (dx11 + Cµdx
µ)2 + e−
2φ
3 ds210 (36)
one can lift up the supergravity solution of D4-brane in (11), to find
ds2 = (hf)−1/3
[
− 2dy+dy− + h((y+)2dy2 + dx21 + dx22) + dx23 + f(dr2 + r2dΩ24)
]
,
Cy12 =
(y+)2
β
hf−1, f = 1 +
πNl3p
r3
, h−1 = 1 +
(y+)2
β2
f−1 . (37)
where lp is 11-dimensional Plank length. Of course we have another C form rep-
resenting the charge of N M5-branes. We note also that under reduction to 10-
dimensional solution along a transverse direction we will get the type IIA NS5-brane
solution in the presence of RR 3-form as in (28).
The decoupling limit of the theory is defined by a limit in which lp → 0 while
keeping the following quantities fixed
u2 =
r
l3p
, b2 =
β
l3p
. (38)
In this limit the supergravity solution (37) reads
l−2p ds
2 =
u2
(πN)1/3
h−1/3
[
− 2dy+dy− + h((y+)2dy2 + dx21 + dx22) + dx23
+
πN
u4
(4du2 + u2dΩ24)
]
,
Cy12 =
l3p
b
(y+)2u6
πN
h , h−1 = 1 +
(y+)2u6
πNb4
. (39)
The curvature of the above metric reads
l2pR ∼
1
N2/3
1
(1 + (y
+)2u6
piNb4
)1/3
. (40)
Therefore we can trust the supergravity solution in the UV for a given time. On
the other hand under time evolution the curvature decreases and thus the good
description is given in terms of supergravity.
6 Conclusions
In this paper we have studied supergravity solution of various type II superstring
branes in a time-dependent background. The background we have probed by branes
is null-brane geometry which is obtained by space-time orbifold accompanied by a
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shift. The shift will resolve the singularities which could appear because of closed
time-like loops.
We have seen that the worldvolume theory decouple from gravity for Dp-brane
with p ≤ 5. Following [28] these backgrounds could provide gravity description of
noncommutative field theories with time-dependent noncommutativity parameter.
These backgrounds preserve 8 supersymmetries out of 32 supersymmetries presented
in the flat space. Indeed the time-dependent orbifold we have considered in this pa-
per breaks one-half of the supersymmetry. Adding brane in the theory will break
one-half more. Therefore the noncommutative field theories we have studied in this
paper preserve only one half of the supersymmetry of the corresponding noncom-
mutative field theories with constant noncommutativity parameter. In this sense
the situation is very similar to the noncommutative dipole field theory where the
maximal possible SUSY is 8 supercharges [31, 53, 32].
We have also considered type II NS5-branes in the null-brane background. In
the decoupling limit we have found a series of six dimensional theories which are
identified by an RR form. These theories can be thought as a new deformation
of the little string theory. The structure of these theories reminisces the structure
of ODp-theories [30], though, as we have seen, the mass gap of theory is given by
string length while in ODp theory it is fixed by deformation parameter or the value
of electric RR field at infinity.
We note also that using T-duality we have been able to find a new set of NS5-
brane solutions in the presence of RR field (29). This could also give another defor-
mation of the little string theory. Now starting from gravity solution (29) with n = 2
one can use S-duality to find a new gravity solution of D5-brane in a time-dependent
background which is different from one in (11). Now using T-duality we will get
new Dp-brane solution in the time dependent background. It would be interesting
to study this background as well.
Having a gravity description of a theory it is natural to compute the Wilson
loop of corresponding field theory using its gravity description [54, 55]. It would
therefore be interesting to compute the Wilson loop in the noncommutative gauge
theory studied in this paper using its gravity dual (21).
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